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An Equation for the Dissipation Rate Correlation and
Its Implications for the Intermittency Exponent u in
Turbulence
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We derive an equation satisfied by the dissipation rate correlation function,
(e(X+7, t+7)e(X, t)) for the homogeneous, isotropic state of fully-developed
turbulence from the the Navier-Stokes equation. In the equal time limit we
show that the equation leads directly to two intermittency exponents p; =2—{4
and p, =zj —{,, where the {’s are exponents of velocity structure functions
and zj is a dynamical exponent characterizing the fourth order structure func-
tion. We discuss the contributions of the pressure terms to the equation and the
consequences of hyperscaling.
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1. INTRODUCTION

The statistical properties of the energy dissipation rate e(X, ) defined by
v
e(X, 1) = 3 z (Ou; +0;u,)* 6))
L]

where 0, =0/0x; have played a crucial role in our understanding of
fully-developed turbulence in incompressible fluids.’® In the original
Kolmogorov theory € is replaced by {e¢) and the spatial fluctuations are
ignored; the effect of fluctuations of € pointed out by Landau have been
explored in the context of the lognormal model and its multifractal
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generalizations.”” The intermittent behavior of turbulent fluctuations is
reflected in the power-law behavior of the equal-time correlations of e:

e(X) e(X+7)) ~ (r/L)™* @

where L is a length scale characteristic of the large-scale flow and r = ||
belongs to the inertial range. Simple dimensional analysis, noting that the
dimension of € is V*/ L, yields the identification u = 2—{; the exponents of
the gth order (longitudinal) structure function, {,, is defined by

S, =<[ou-7]") ~ (r/L)* (©)

where ot =#(X+7, t)—#(X,t). Within the original Kolmogorov theory
{¢ =2 and consequently, u=0. Thus the deviation of x4 from zero is a
measure of the degree of intermittency and is an important quantity
for understanding fully developed turbulence. The breakdown of simple
Kolmogorov scaling has been studied experimentally and a review of the
experiments® gives a “best” estimate for x4 of 0.25+0.05 which is consis-
tent with the experimentally measured value® of {; ~ 1.8. In this Letter we
provide a simple and direct derivation of the scaling relations satisfied by u
for the Navier—Stokes equation by deriving an equation satisfied by the
dissipation rate correlations. The equation for the dissipation rate contains
not only a contribution from a second spatial derivative of an appropriate
sixth-order structure function, which yields the above-mentioned value for
u=2—{_ but also that from a second temporal derivative of a fourth-
order structure function; there are, in addition, pressure-dependent terms
which are exhibited explicitly and no other velocity-dependent terms. The
use of dynamical structure functions, i.e., in Eq. (3) du=u(X+7, t+7)—
(%, 1), is key to our derivation.® Both spatial and temporal derivatives of
the dynamical structure functions occur naturally and the equal time limit
of the derivatives is related to the correlation of the energy dissipation rate.
An earlier paper by us'” provided a justification for the same result in the
context of the stochastic Burgers equation and argued entirely by analogy
how the same results would arise in the Navier—Stokes case. The heuristic
discussion depended on the mathematical similarity of some of the terms
which occur in detailed dynamical equations for the structure functions and
on an equation for the dissipation-rate correlations which was not explicitly
Galilean-invariant. In this paper we give a manifestly Galilean invariant
equation for the dissipation rate equation from which the dominant expo-
nents arise directly. We discuss moreover the contributions of the pressure
terms explicitly and argue that they do not yield more dominant behavior.
In the next section we present the derivation of the main equation; in the
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following section we discuss the contributions of the different terms to the
behavior of the dissipation rate correlation in the equal time limit, in par-
ticular, the terms which depend on the pressure, and the consequences of
hyperscaling. Many of the details of the calculations are relegated to
Appendices A-E.

2. DERIVATION OF THE EQUATION FOR DISSIPATION-RATE
CORRELATION

We consider the Navier—Stokes equation for an incompressible velocity
field #(X, 1),

Ou, (%, t)+u; Ou; /0x; =v Vu, —0p/0x, + f; 4)

where p= p/p and p is the constant density. We have employed the sum-
mation convention of summing over repeated indices. The system is driven
by a Gaussian, stochastic driving force f(%, r) with zero mean and variance
given by

ik, t) fi(K', ) = Py(k) D(K) Opoz.5 0(t—1") )

where I’ij(l;) is the transverse projection operator given by d,; — (k;k;/k?).
The noise covariance D(k) is assumed to be peaked around k, ~ 1/L with
a narrow width. The detailed form of the noise correlation is not impor-
tant; the stochastic forcing maintains a fully-developed turbulent state and
allows one to define averages as noise ensemble averages. We will find it
useful to define the quantity

€, =V Oytt; O4u;. (6)

The dissipation rate € (cf. Eq. (1)) of an incompressible fluid obeys the
relation

e=¢€,—vV?p. @)

We remark that {¢;;) oc J; in isotropic turbulence.

We first describe an illustrative calculation which exemplifies our
method; the complete calculation is discussed later. We employ the nota-
tion ¥=R+(1/2)7%, t=T+(1/2)t and ¥ =R—(1/2)%, ¢ =T—(1/2) =.
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Multiplying the Navier—Stokes equation for u; = u;(X, t) by u;, summing
over i, and using vu, V*u; = vV*(u*/2) —¢,; one finds

—€,; +vVi(u?/2) +f' i =u; u; +uuy Ou; —u; 0; p. ®)
We write a similar equation for u; = (X', t') and multiply the two equa-

tions and average over the homogenous, steady state of isotropic turbu-
lence. This yields

Cen€lyd— V2 leu' +€u + V2 V2{u*u'*y +noise terms

62
— 2 VAN ) ’ 2,12
- 46 2< > T@r,- <(ut+uz)uu >
1 0 1
15 o T, {u;u;u”u’*) 4 pressure terms. )

The second and third terms on the left-hand side are negligible in the iner-
tial range; this is evident since the correlation function {u*/'*) is finite
in the inertial range and when multiplied by v vanishes as v — 0. In the
second term one factor of v has been absorbed into obtaining €,;, a finite
quantity, and again the finite expression {¢,u’'*+€};u*> is multiplied by v
and thus vanishes in the v — 0 limit.® We immediately see that the veloc-
ity terms on the right-hand side of the above equation consist of a second
temporal derivative of a fourth-order structure function and the second
spatial derivative of a sixth-order structure function. Of course, the equa-
tion is not manifestly form-invariant under Galilean transformations. We
also have to understand the role of the cross spatio-temporal derivative
and the pressure terms. We address these issues using a different version of
the above equation which is manifestly Galilean-invariant. We have not
displayed the noise and pressure terms since the above calculation merely
illustrates the simple steps involved in the derivation.

We present next the derivation of the equation for the dissipation rate
correlation function. It is useful to introduce the difference variable du; =
u;(X,t)—u;(X',t"). We proceed from the Navier-Stokes equation in two
different ways and combine the results appropriately. First, we consider the
product of the Navier-Stokes equation for u; with Ju; and sum over i
which yields

Du.
ou,(vVu, + f,) = 6u, <FL;’+6,»13> (10)
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where we have used the summation convention. In the preceding the total
or convective derivative, du,/0t+u; Ou;/0x;, is denoted by Du,/Dt. We
multiply the above equation by the corresponding equation for the primed
variable to obtain

Du; Du’
Su; (vVu, + f;) ou,(vV'"2u'+ f7) = du, <FL;’+6,»17> Su; < i 140 ~’>. (11)

We average over the homogeneous, steady state of turbulence. On the left-
hand side in addition to the noise terms, —<¢;€);+¢€;€;> are the only
terms which survive in the inertial range. The derivation of this result is
outlined in Appendix A. Next we consider the Navier-Stokes equation for
u;, multiplied by Ju; and the corresponding equation for u; (multiplied
by ou;) and take the product of the two equations summed over i and j;
this yields

l

Du;, Du
Su,(vVu, + f;) ou;(vV'’u; + f}) = du; <§+6,ﬁ>5uj <D :

+0:p' > (12)
We then add twice Eq. (11) to Eq. (12). In the resulting equation we obtain
for the noise-independent parts on the left-hand side using the results of
Appendix A,

ii ]]

2
—2(eq €+ 2€,€) —vz(vf)2 ((5T-57))
+vVi(e;+€;) Oii-Sii+2(e; +€);) Ou, Suy). (13)

The only terms which survive in the inertial range are —2{g;€);)—
4{e;€;;>. The right-hand side of the resulting equation contains the follow-
ing terms, which we denote by C;, apart from the pressure-dependent
contributions:

Du’, Du. Du’
C152<5u = su, D”f>+<5uj7‘;'5ujl)—tt‘;>. (14)

We can show after some algebraic manipulations (Appendix B provides
some details) involving kinematic relations that the above expression for C;
is equal to the following

C, = —(1/16)(8%/0r; dr;){u; du;(3- 9ii) >y + (1/4)(D?/ Dr*){(Jit - ii) 2
(15)



376 Jayaprakash and Hayot

where we have defined

2 2

2D = o P )

43, or, (w+uy))(u+uy) f

(16)

the Galilean-invariant second derivative with respect to 7 of the expectation
value of a function of velocity differences. This shows explicitly the two key
terms, the second spatial derivative of the sixth-order structure function
and the (Galilean-invariant) second time derivative of a fourth-order
structure function. We have evaluated the pressure terms and find

2{€; €};+ 2¢;;€;; ) +noise terms
1 62 2 R
=165 or ) {Ou; Su,(dii - 6ii)* >———2<(5u~5u) >

+<2 ou; ou; 0,p 0 p' +du; ou; 0;p 0’ p >—— L(0;p+0;p") ou; o1 -ou)
—I%@,Z(éue Ot - Ot Oou;(0,p—0;p')>. (17

We emphasize that apart from terms negligible in the inertial range in
the limit v > 0 (most of which are displayed in Appendix A) the above
equation is exact. To complete our discussion we must evaluate the noise
terms and discuss the contribution of the pressure terms in Eq. (17). It is
useful to extract the parts which survive in the inertial range in the first two
terms of Eq. (17). It is easy to show from Eq. (7) that

Ceueyyy = <e€') +vViKep' +€p) +v? VI Vi) (18)

which is equal to {e€’) in the inertial range. The other two terms in
Eq. (18) are finite correlation functions multiplied by powers of v and
hence, vanish in the inertial range. We consider <¢;€;;> next; we observe
that the diagonal elements (i = j) of {0,u, O,u,) yield the most singular
terms and only these survive in the v — 0 limit which cuts off the short-dis-
tance singularities. With this observation we see that only the terms with
i = j contribute in {¢;€};>; using the isotropy of the turbulent state we then
find that the first two terms on the left-hand side of Eq. (17) reduce to
(10/3)<{ee’y in the inertial range.

The equation for the dissipation rate correlation, Eq. (17) depends on
both 7 and 7. The noise terms can be simplified in the 7 — 0 limit using the
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Donsker-Novikov—Varadhan result for Gaussian noise® and the non-
trivial term in the 7 — 07 limit is precisely (10/3)<{e>* Some of the details
of the derivation of this result can be found in Appendix C. Thus the left-
hand side of Eq. (17) reduces in the equal-time limit and in the inertial
range to (10/3)[{ee'> —(e)?]. Finally, we have the complete equation for
the equal-time dissipation rate correlation in the inertial range

0? .
—[<€€> <€>]_168 ) {Ou; ou;(d - oit) >
+<2 du; 6u; 0,p 0;p' + ou; ou; 9,9 035"
D, . o
———X(0;p+0;p") ou; dii- ok
Dz
+ 8 ,{ Ouy 6il - 6t 6u;(0,p— 07 p') ). 19

This is the first time, to the best of our knowledge, that this equation for
the dissipation rate correlation, with each term on the right-hand side
manifestly Galilean-invariant, appears in the literature.

3. DISCUSSION OF RESULTS

The equal-time behavior of {ee’) is thus determined by the 7 — 0 limit
of the terms occurring on the right-hand side of Eq. (19). There are two
terms which do not involve the pressure and these yield the two exponents
Uy =2—{ and u, = z;, —{,. The first arises from the second spatial deriva-
tive of the sixth-order structure function. The second arises from the ¢ — 0
limit of the second temporal derivative of the fourth-order dynamical
structure function by postulating that the expansion of S,(r, 7) in powers of
7 contains 7/r* and 72/r* with different dynamical exponents characteriz-
ing different powers of 7 allowing for multifractality in temporal behavior.
The existence of Eq. (17) allows us to provide a transparent derivation
directly from the Navier—Stokes equation of the two exponents charac-
terizing dissipation-rate correlations, one which depends purely on the
static structure function exponent (2—{,) and the other which involves
dynamical behavior (z; —(,). We note that other relations such as
1 =2¢,—{, have been proposed in the literature. L’vov and Procaccia!®
obtained the relation u =2 —{, based on fusion rules for equal time multi-
point correlation functions but they also pointed out another possible
scenario which yields u = 2{, —,, the same exponent as in ref. 14.
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The need for a hierarchy of dynamical exponents follows from the
occurrence of temporal multiscaling in dynamical structure functions as has
been emphasized earlier by L'vov et al.'” in the quasi-Lagrangian for-
malism; thus different order temporal derivatives of S,(r,7) can lead to
different dynamical exponents. The 7=0 limit of dynamical structure
functions was also considered by us for the stochastic Burgers problem
in ref. 11. In dealing with dynamical structure functions it is important to
remember that we have used the Eulerian formalism of the Navier—Stokes
equation; therefore, ordinary dynamic scaling and a fortiori, dynamic
multifractality, are complicated by the presence of sweeping terms. For
example, in S,(r =0, 7) (obtained from measurements of velocity differ-
ences at a given point at finite values of the time difference) the kinematic
exponent z = 1 arising from sweeping occurs.® However, in the (Galilean
invariant) convective derivative which occurs in Eq. (19) in the 7 — 0 limit
only the dynamical exponent occurs. Thus our equation for {ee’) with the
right-hand side expressed in explicitly Galilean-invariant form neatly picks
out the intrinsic dynamical exponent.

Our results on the two dominant intermittency exponents, one arising
from the fourth order structure function, the second from a sixth-order
structure function, only hold if the pressure terms do not give a more
dominant contribution. We now discuss the pressure terms on the right-
hand side of Eq. (19); in Appendix D we have displayed the equations
satisfied by D*(dii-6#)2y/Dt* and 0*(du; du;(dii-ow)%y /dr; Or; which can
be derived from the Navier-Stokes equation. The two pressure-dependent
terms in the last line of Eq. (19) occur in these equations and hence, their
behavior cannot be more dominant than the behavior we have deduced
above. The remaining pressure terms involving a product of 9, p and 0’p’ in
the second line of Eq. (19) are discussed in Appendix E. By inverting the
equation satisfied by the pressure V= —0,0,(u,u;) which arises from
incompressibility we argue that these yield an exponent u; =2—{; and
nothing more dominant. The two pressure-dependent terms in the last line
of Eq. (19) treated in Appendix D can also be analyzed using the methods
of Appendix E and yield the same results. Thus, we have provided, we
believe, persuasive arguments in Appendices D and E that the pressure
terms do not yield more dominant behavior than that implied by the
exponents u; and u, and hence, do not alter our result. The advantage of
having the full equation for the dissipation-rate correlation which we have
derived is that the structure of the additional terms involving pressure is
explicit which should encourage further rigorous theoretical and detailed
experimental investigations of their behavior in the inertial range.

In the absence of an explicit calculation of the exponents which
characterize the spatial and temporal behavior of structure functions, one
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cannot decide which of the two exponents u, =2—, and u, =z;—{,
dominates the behavior of the dissipation rate correlations. We make the
following additional comments motivated by a similar strategy in the
theory of phase transitions, where as pointed out in ref. 13, an assertion of
the equality of the (singular part) free-energy density and the inverse corre-
lation volume yields the hyperscaling relations in critical phenomena. Thus
we make an ansatz that the first two terms on the right-hand side of
Eq. (19) are equally dominant. This leads to the identification

2—{g=1z1—"Cs (20)

Thus by invoking this hypothesis of hyperscaling in the behavior of the
equal-time dissipation rate correlations relation we obtain an interesting
connection between multifractality in spatial correlations and multifractal-
ity in temporal correlations; in addition, we obtain the standard result
1 =2—{, which follows form the Refined Similarity Hypothesis. "

Finally, we comment on the conflicting experimental results, as dis-
cussed in ref. 5, obtained by measuring different subtracted, {ee’>— <€),
and unsubtracted, {ee’), dissipation rate correlations. In the inertial range
we expect the term (L/r)* to dominate over the constant {e)* term.
However, the experimental determination of yu is rendered difficult by the
smallness of x. Only when r << L does it not matter whether one uses the
subtracted or unsubtracted dissipation rate correlation functions, since the
term <{ee’) dominates. This is clear from the experimental discussion in
ref. 5. For r not much smaller than L the subtracted correlation function
should be used; this is the form which arises naturally in our theoretical
approach on the left hand side of the dissipation rate correlation equation,
Eq. (19).

APPENDIX A

We outline details of the computation of the term which occurs on the
left-hand side of Eq. (11), i.e., the term

v3{ou; ou; 0,0,u; 050%u'>

where we have used the notation 0, = 0/0x,, 03 = 0/0x); and employed the
summation convention. We will need the simple but key identity

vit, 9,0,u, = % 8,0, (ii- i) —e, (A1)
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using the definition €; =vd,u; 0,u;. We expand Ju; du; to obtain four
terms; we consider the case where we have w;u; and use the identity
displayed above to obtain

—v* (u; 0,0,uu’; 03075u’y

- - =) o

u-u u-u

2
= €€ +vV; <e;j - e T> _VZ (VH2i-a i -y, (A2)

We observe that the terms in the second line consist of correlations which
are finite in the inertial range multiplied by v which tends to 0. We also
obtain similarly for the term containing u;u;,

—v¥u; 0,0,uu; 050%u'’)

’ v 2 ’ ror 2 a a
= —(e,.je,-j>+§ V;euu; +€uu’)+v —

g . 'l 0hu'>. (A.
i%j ara arﬁ <u} aautuz aﬂu]> ( 3)

The other terms yield contributions which are negligible in the inertial
range, as for example,

0
—vXuu; 0,0,u; 0505u’y = —v? V; o Sugu; Ouy +v Vi uulie, +uulie,; D,
* (A.4)

and a similar equation for the term with u;u}. These equations show that
the only terms which survive in the inertial range are

—<€q€) — <€ €50 (A.5)

We can handle the terms which arise in Eq. (12) in a similar fashion to
obtain the results quoted in Eq. (13).

APPENDIX B

We provide a few of the details used in deriving Eq. (15) in this
appendix. The derivation relies on some kinematic relations which can be
obtained by using the independence of u;(X,t) of X' and ¢, etc. and
incompressibility. Note that since /0t = (1/2) 8/0T +0/0t and the corre-
lations are independent of T in the steady state we can replace d/0t by
0/0t or by —0d/0¢'. Thus we find
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0 S o2 _ 0 2
m((éuﬁu) Uy = <6t o, [(ou- o) u]>

0 el Oy,
= —<5[45u'5u5uka—%ui]>

- <45iz.5ﬁ e 1y, 0% 4 850 2 5w, %>. (B.1)

ot' ’8 ot

We perform a similar set of manipulations choosing to replace 0>/t dr; by
0/0t 8/0x; to obtain

2

Ow, , Ou, ou , Ou;
= SPN2 / — - — k l k
aear, {(Sui-on)* upy <45 -Ou a5 u o Fw + 80y, 2 ou, u ’6 > (B.2)

It is useful to note that the right-hand sides of the above two equations
contain precisely parts of

D D' Du; Du
C =2 <5u u5u u>+<5u<l§u- u,>

I Dt 7Dt 7 DY

defined in Eq. (14) which we wish to evaluate. The other terms can be
obtained by noting

0? IR 00 o, s
a—rz<(5u05u) > = —<§E(5u~5u) >

L .. 0uou, ou’ Ou; ou
<45 -0l a—a—+85 Fn ou; i 5 > (B.3)

Along with a similar equation for

2

o ar (8- ii)? (uu; +uju;))

we obtain the result quoted in Eq. (15).

APPENDIX C

We discuss the evaluation of the noise terms and the terms involving
<g;;€;;> which occur in Eq. (17).
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The noise terms can be evaluated using the Donsker-Novikov—
Varadhan result for an arbitrary functional & of the velocity field, given
the Gaussian noise characteristics in Eq. (5):

P 1 . - 50~
ko) 710G 0D =505 (555 (€D
Bl s

We recall that the factor of 1/2 occurs because we take the average of the
limit in which the time variable in the noise approaches the time variable of

the velocity field from above and below. In particular, with the notation
employed in the paper we have

Say=0  and  (fid=26,¢e)
for 7 — 07; the first equation above is evident since the noise acts at a later
time. We will evaluate the noise-dependent terms which occur in Egs. (11)
and (12). First consider the term
Ou; Su;(vVu, £+ vVl f;))
which can be seen, using the Gaussian nature of the noise, to be equal to
2[0u; [ 0u; vV?u; ) + (o, f; ) ou; vV'"*u'; ) ].

Since (du; vV'u}) = (e) = —(du; vV*u;) and {(u, [ = {du, f;) this term
vanishes. Similarly one can show that the other set of terms

240u; Su,(vV2u, £+ vVl 1))
also vanishes. The non-zero contributions come from

Ou; Ouy f f > = 20u; f;3<0u, 15 =3 {€)* (C2)

and
2{ou; 5uj.fif;'> = 2{0u; f; )< 5ujf}>+2<5uif}><6uj.fi>
—2 [ (€5¢e>+<e) %] =1 C3)

Together these yield the term 10{e»*/3 quoted in the text.
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APPENDIX D

First we present the equation for the Galilean-invariant time derivative
of the fourth-order structure function. The derivation is tedious and will
not be presented here; the equation is given by

A~ A

D? D
B (6ii-61)*y = =2 B {d€;; Ol - 5ii+ 20€,; du; du; ) +noise terms

-2 ai {(€;+€};) ou; di - oiky
i

10 I
— 47 L(0;p—0;p")(du-610)*)
4 Or,
D
-2 B L(0;p+0;p') ou; o - Si). D.1)
T

The crucial point is that the time derivative of the pressure terms which
occur here are precisely those that occur in the final equation for the dissi-
pation rate correlations in Eq. (19). Thus the behavior of this term is not
more dominant than that implied by the second temporal derivative of the
fourth-order structure function which we have discussed in the text.

Since the pressure terms which we need also involve other spatial
derivatives, we need another equation to determine them. The equation for
the first spatial derivative of the sixth-order structure function was given in
our earlier paper” and we reproduce it here for completeness:

0
— (i - 0ik)? Ou; ouy.y
or;

=§Vf<[5a-5a]2 Su > — 431l - 81 Su [€+€"1> — 6431 - Ot Su;[ € + € 1D

— 26w, 6u; S [€,+€),1>{[Sii- 6] Oy, +4dw,, Sii- 6 Sii- 077

,0(p+p") o(p+p") >

or, or (D.2)

—2<[5ii-5ii] >—4<§ﬁ~51’i6uk5ui

i

Observing that d(p+p')/or, = (1/2)(0,p—0’p') and taking the derivative
of the above equation with respect to r, we find that the last term in the
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above equation is precisely the one that occurs in Eq. (19); the other term
involving pressure in the above equation is of the same form as the term we
need and using isotropy and homogeneity one can argue that they yield
the same behavior. This provides the basis for our claim that the most
dominant behavior arising from the two pressure terms considered in this
appendix does not lead to behavior more dominant than those terms which
yield the exponents 4, and u, discussed in the main body of the paper.

APPENDIX E

In this appendix we discuss contributions in the basic equation for the
dissipation-rate correlation, Eq. (17) which contain a product of pressure
terms of the form 9,5 0’p’. We recall the relation V>p = —0,u; 0,u;, obtained
from the Navier-Stokes equation using incompressibility. Either from
dimensional analysis of this equation or from the fact that for an incom-
pressible flow the energy flux density is given by pii(u®/2+ p) we would
expect terms such as {du; du; 0, p 0;p') to scale as the second derivative of
a sixth-order structure function. However, writing the pressure in terms of
the velocities involves long-ranged kernels and in this appendix we argue
that nevertheless the terms do not contribute terms more dominant than the
ones we have discussed. The relation for p in terms of the velocities can be
rewritten as V’p = —0,0; du; du;, (Where du; = u, —u}), since u; = u,(¥', t') is
independent of X. With a similar expression for the primed variables we can
obtain derivatives of dp = p—p’. Since, R= (X+X')/2 and F=X—X we
have d/0R; = 0/0x;+0/0x; and 9/dr, = (1/2)(0/0x, —0/0x"). Using these
one can show that

~ ~ 12~ rar a a
V30p=V*p—V'*p' = —(0,0,—0;0}) Su; ou; = —2 ﬁﬁéui ou;. (E.1)

4 J

This equation can be inverted formally using the Coulomb kernel to obtain

= 1 3 pr 1 a a Doz Do
5p—%de ma—ma—rléuk(R,r)éu,(R,r) (E.2)

where we have u,(R',7) = u (R +7/2)—u (R —7/2) etc. From the
above equation we obtain the useful result

5 1., & 1018
ﬁ__EjauzWm[m]a—rl(Suk(R,r)éu,(R,n. (E3)

1
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The kernel defined by

- 0* 1
K, (R, R ——= E4

el )= OR.R, [|R—R’|] (E-4)
is quadrupolar and decays more rapidly than a simple Coulombic form: for
example, the integral over space of K,;(R) is conditionally convergent. It

is straightforward to obtain, in a similar fashion, the following result for
Ap = p(R+7/2)+ p(R—F/2):
o4p
OR,

1

2
X [ (R +7/2) u, (R +7/2)—u (R —7/2) u(R' =#/2)]  (E.5)

= d*R' K, (R, R') 2
or,

We use the expressions given above to investigate the pressure terms
containing 0;p 0p’ in Eq. (19). Consider the term

’ s 04p 04p 06p 06p
{Ou; ou; 0;p 0 p >——<5u ou; <ﬁﬁ_ﬁﬁ

Using the above identities we have

05 06p
<5”f % 3R, ﬁ>
4 J

oc f d*R’ f &R’ K (R, R) K, (R, R")

X <5u,- ou; air
!

The above expression involves integrals over multipoint velocity structure
functions, a product of three different differences of velocities at points
separated by the same 7, located, however, at ﬁ, ﬁ’, and R”. We have to
investigate the dominant contributions from the expectation values appro-
priately integrated over the quadrupolar kernels. First we note that

(R, 7) ou, (R, 7)>. (E.6)

02 [1] 0y =3RR,/ R | 47r

OR.R; | |R| R 2u0(R)

The delta function terms yield in Eq. (E.6)

<5ui ou; % ou; oy, % ou; ou, >
1 n
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which is essentially of the form 9%S;/0r?, a term obtained before. For large
separations, i.e., |f{’ —ﬁ| and |ﬁ” —R| > r we expect the expectation value
to factorize and these will either vanish (the angular quadrupolar integrals
average out) or at most yield terms of lower order, S, 0%S,/0r* when
R ~R". For |I_é’—ﬁ| and |I_é”—l_é| ~ r, the quadrupolar kernels along with
the volume element is dimensionless and the angular part causes the
integrand to fluctuate yielding a contribution that will not dominate the
delta function terms which unambiguously yield u, =2—{;. The other
integrals can be analyzed similarly. Thus we expect the pressure terms in
Eq. (19) to yield terms no more dominant than the ones obtained by us
from the pressure-independent contributions.
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